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Abstract 

In this article we demonstrate that a class of the non-Abelian tensor gauge fields can be 
extended to include fields of mixed symmetries and therefore allows to construct the new 
gauge invariant forms in 2n+4 and 2n+2 dimensions. These new forms are analogous 
to the Pontryagin-Chern-Simons densities in YM gauge theory and to the corresponding 
series of densities in 2n+3 and 6n dimensions constructed recently in arXiv:1205.0027, 
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1 Introduction 



The Abelian and non-Abelian chiral anomalies can be determine by a differential geomet- 
ric method without having to evaluate the Feynman diagrams [IJ[2][3][I][5l[6l[7J[8l[9l 
ITU [T2| [T5| HU dni [T7] . The non-Abelian anomaly in 2n — 2-dimensional space-time may be 
obtained from the Abelian anomaly in 2n dimensions by a series of reduction (transgres- 
sion) steps and can be represented in a compact integral form [01 El El El ELD E2l H31 [HJ E] ■ 
In T> = 2n dimensions, the U^(l) anomaly is given by a 2n-form: 

V 2n = Tr{G n ) = du 2n _ 1 , (1.1) 

where io 2n -\ is the Chern-Simons form to 2n — 1 dimensions [6l [13] : 

Wan-i(A) = n / tft Tr^GT 1 ), (1.2) 
Jo 

where G = dA + A 2 is the 2-form YM field-strength tensor of the 1-form vector field 
A = -igA'Ladaf and G t = tG + if - t)A 2 . 

In the recent articles [THl [T9] the authors have found the similar invariants in non- 
Abelian tensor gauge field theory [2U1 IZTJ [22]- These forms are defined in dimensions 
V = 2n + 3 : 

r 2 „ +3 (A A 2 ) = Tr(G n G 3 ) = d a 2n+2 , (1.3) 

where G 3 = dA 2 + [A, A 2 ] is the 3-form field-strength tensor for the rank-2 gauge field 
A 2 = -igA^Ladxf 1 A dx x and G 3t = tG 3 + (f - 1) [A, A 2 ] . The (2n + 2)-form a 2n+2 is [TJ : 

a 2n+2 (A A 2 ) = f dt Tr{AG n t ~ l G u + ... + G?" 1 ^ + G n t A 2 ). (1.4) 
>/ 

The second series of exact 6n-forms is defined in terms of the 3-form gauge field-strength 
G 3 as US]: 

A 6n (A, A 2 ) = Tr(G 3 ) 2n = dn 6n ^, (1.5) 
where for the (6n — l)-form one gets the following expression [19]: 

7r 6n ^(A,A 2 ) = 2n I dt Tr{A 2 G 2 £- 1 ) (1.6) 
Jo 

and are defined in D = 6n — 1 dimensions. 

The very fact that the tensor gauge fields introduced in [201 EH [22] are symmetric over 
their last indices (see equation (12.1 j) ) prevents the construction of the invariant forms 
involving higher rank tensor gauge fields, that is the fields of the rank higher than two - 
A 2 . Our intension in this article is to demonstrate that a class of the non-Abelian tensor 



gauge fields (12. ip can be extended to include fields of mixed symmetries and therefore 
allows to construct the new invariant forms in T> = 2n + 4 and T> = 2n + 2 dimensions. 
These new forms $2n+4 = dip 2 n+3 and f2 2n+2 = c?X2n+i are analogous to the Pontryagin- 
Chern-Simons densities P 2n = ^2n~i in YM gauge theory and to the corresponding series 
of densities r 2n +3 = cfcr 2n+2 and A 6n = c?7r 6n _i found in [19]. 

In the next section we shall introduce the tensor gauge fields of mixed symmetries, 
their gauge transformations and the corresponding field strength tensor. In the third 
and fourth sections the invariant forms $ 2n +4 and fi 2n+2 will be constructed. In the fifth 
section we shall consider the most general tensor gauge fields of mixed symmetries which 
are possible to embed into the existing framework of generalized YM theory [201 [22] . 

2 Mixed Symmetry Tensor Gauge Fields 

In the model of massless tensor gauge fields suggested in [2U1 E2] the gauge fields are 
defined as rank-(s + 1) tensors 

which are totally symmetric with respect to the indices Ai . . . X s . The number of symmetric 
indices s runs from zero to infinity. A priori the tensor fields have no symmetries with 
respect to the first index /i. The index a corresponds to the generators L a of an appropriate 
Lie algebra. The extended non-Abelian gauge transformation 8% of the tensor gauge fields 
is defined as 

d^-igiA^Z] (2.2) 
d^x - ig[A p , £a] - ig[A p x, 6] 

0/i6ia 2 - w[ A fi, £\i\ 2 ) -ig[ A nXi,£\2) -ig[An\ 2 ,\i) -^[A*aia 2 ,£], 



= 

S^A^x = 



where As (x) are totally symmetric gauge parameters and comprises a closed algebraic 

structure. The generalized field-strength tensors are defined as [2"0" 1 ¥ZT \ 122"]: 

G m = dpAv-duAp-iglAnAA, (2.3) 

G^ x = d^Ayx - dyA^x - ig{ [A^ A vX ) + [A^ x A v \ ), 

Gftv^xp = d^Ayxp ~~ d u A^xp ~~ ig{ [A p A u \ p ] + [A p x A vp \ + [A pp A u x] + [^4/xAp A u ] ), 



and transform homogeneously with respect to the extended gauge transformations 5%. 
The tensor gauge fields are in the matrix representation A ab Xl Xa = (L c ) ab A c ^ Xi Xs = 
if A c Xi Xs with f abc - the structure constants of the Lie algebra. 

Using field-strength tensors one can construct infinite series of forms L s invariant under 
the transformations 5%. They are quadratic in field-strength tensors. The first terms are 
given by the formula [201 12T| 122] : 

£ = C Y m + £>2 + ••• = - -^G^G^ 

a ia>,\ a fj,v nu,\\ 

The Lagrangian contains quadratic in gauge fields kinetic terms, as well as cubic and 
quartic terms describing non-linear interactions of gauge fields with dimensionless coupling 
constant g. 

Here we shall consider a new set of fields which have different symmetries and can 
be unified with the previous system of fields (12. II) . First let us consider the rank-3 field 
which is now antisymmetric over its last two indices 

A% ia2 (x) = -A^ 2ai (x), (2.5) 

for this field the gauge transformation should be defined in following way 

8A» = d^-ig[A^H 
SA^ aiCT2 = — ig[A^, ^o- l0 - 2 ] — ig[A^o- ia2 , (2-6) 

where the tensor gauge parameter is antisymmetric (v ia2 = — C 2 oi - As one can verify 
these transformations form a closed algebra because 

[S^fStplAf^x = 5 x A fluX , 

where 

X = [(, <P] , X<ria 2 = [C, ¥?a lCT2 ] + [Cti<t 2 ,<P\- (2-7) 

It is useful to compare the gauge transformations of the A a XiX2 in (12.21) and of the A a ^ ai(J2 
in (12.61) . As one can see they formally coincide, expect the term [^4 m Ai^a 2 ] + [A-^ 2 £aJ? 
which is explicitly symmetric under Ai <-> A2 permutations. Therefore these fields can be 
unified into a general rank-3 gauge field A a ^ vX of which the symmetric and antisymmetric 
parts, with respect to the last two indices, reproduce the original fields. 



In general we shall define the infinite set of fields 

Afj, CTlO-2 p\p2 .... KlK 2 ( X ) (2-8) 

which are antisymmetric with respect to the permutations of pairs of indices 

01 <->> 2 , pi <B- p 2 , «1 ^ «2, 

but are symmetric under any permutations of these pairs 

0102 ^ P1P2 , ^ Kl«2, ••• 

Thus for these fields take place the following relations 

A a = —A a = —A a = 

H T1IJ2 plp2 ■■■■ H1K2 p cr 2 cri p\p2 .... K\K2 p <T1<J2 P2P\ ■■■■ K\K2 

—A a = A a = = A a = 

P C\ai p\p2 .... K2«l P p\P2 V\CT2 .... K1K2 p K1K2 p\p2 ■■■■ a\V2 

= A a = 

■"-p o\(J2 K1K2 •••• P1P2 

To simplify the description of these fields one can say that we have the gauge fields of the 
same type as in (I2.ip . but now the indices {A} are replaced by the symbols {0} which are 
now the multi-indices 

A — > a = (0 , ). 
The new class of fields (12. 8p can be represented in the form 

(2.9) 

these fields are totally symmetric under permutations of the symbols &i and are antisym- 
metric under permutation of the indices within the each symbol 0j. We shall define the 
gauge transformations of these fields as 

5AI = d£-ig[A„Z], (2.10) 
5A^ X = 8^ - ig [Ap , Crx ] - ig [ A"*i > f ] > 
^A^s-^2 = ig[Ap, C<ti<t 2 ] ^g \_A-fj l o' 1 ? C5-2] ^9 \A[icr2 j C<5-i] w\Af 1 ^ 1 „ 2 , £], 



where the gauge parameters ds are totally symmetric under permutations of the sym- 
bols 0j and are antisymmetric under permutation of the indices within the each symbol 
<Tj. The field strength tensors are defined in a similar way as for the symmetric case 



= drA v -d v Ap-ig[A„ A u ], (2.11) 
G iivfix = d[j.A V fr 1 — d u A fl ^ 1 — ig( [A^, A^] + [^4^ CT1 , A u \ ), 



and are transforming homogeneously with respect to the gauge transformations 5^ (I2.10p . 
In these multi-indices notation the above transformations are identical with the original 
transformations (12. 2p therefore one can define the invariant Lagrangian, which formally 
coincides with the one defined in (201 EU [22], by interchanging the {A}'s by {<r}'s 



I ^if^" 1 _|_ ^_f^ a C" 1 _|_ ^_C^ a (~ 1a _|_ 
"i - yi iiv,\o ^ fj,\,ua ' /j fiu,u(T AtA,Acr ~T" r\ fiu^ ^,\,u<j\a ' 



3 TVew Invariant Densities in 2n + 4 Dimensions 

In order to introduce higher-dimensional densities it is convenient to use the language of 
forms [SI El IE]- The one- and two- form gauge potentials are defined as A = —igA a ^L a dx^ 
and A 2 = —igA^Ladx^ A dx v with the corresponding field-strength tensors (12. lip : 

G = dA + A 2 , G 3 = ^ 2 + [AA 2 ]. (3.1) 

The Bianchi identities are of the form 

DG = 0, DG 3 + [A 2 , G] = 0, (3.2) 

where .DG = dG + [A, G] and DG 3 = dG 3 + {A, G 3 }. With the new gauge fields in hands 
we shall introduce the three- form gauge potential as A 3 = —igA^^Lgdx^ A dx ai A dx a2 
and the corresponding field strength tensor (12. lip 

G, = dA 3 + {A,A 3 } (3.3) 

with the Bianchi identity 

DG 4 + [A 3 ,G] = 0, (3.4) 

where DG 4 = dG 4 + [A, G 4 ]. 

Let us consider a higher-dimensional invariant density in 2n+4 space-time dimensions: 

$ 2n+ 4 = Tr(G n G 4 ), (3.5) 



which is a natural generalization of the Chern-Pontryagin form V% n = Tr(G n ). By direct 
computation of the derivative one can prove that $2n+4 is an exact form: 

d$ 2n+4 = Tr{dGG n - 1 G 4 + ... + G n ~ 1 dGG 4 + G n dG 4 ) 

= Tr{{dG + [A, G})G"- 1 G 4 + ... + G n ~ l {dG + [A, G])G 4 + G n dG 4 - 

- [A,G]G n - 1 G 4 - ...-G n - l \A 1 G]G 4 ) = 

= Tr(DGG n ~ 1 G 4 + ... + G n ~ 1 DGG 4 + G n {dG 4 + [A, G 4 }) 

= Tr(G n (DG 4 + [A 3 ,G})) = 0. 

In this calculation one must change sign when transmitting the differential d through an 
odd form or commuting odd forms using the cyclic property of the trace, and use Bianchi 
identities as well. According to Poincare's lemma, this equation implies that <3?2n+4 can 
be locally written as an exterior differential of a certain (2n +3)-form. In order to find 
the form of which $2n+4 is the derivative we have to find its variation, induced by the 
variation of the fields 8 A and 8A 3 : 

5G = D{5A), 5G 4 = D{5A 3 ) + {A 3 , 5 A] 

yielding a variation of $2n+4 which is a total derivative: 

5$ 2n+4 = 5Tr{G n G 4 ) = Tr{D5AG n - 1 G 4 + ... + G n ~ 1 D5AG 4 + G n D5A 3 + G n {A 3 8A}) 
= Tr{D5AG n - 1 G 4 + ... + G n ~ 1 D5AG 4 + G n D5A 3 + 
+ 5A{[A 3 , G}G n - x + G[A 3 , G]G n ~ 2 + ... + G n ^[A 3l G])) = 
= Tr{D5AG n - 1 G 4 + ... + G n ~ 1 D5AG 4 + G n D5A 3 - 
- 5 A DG 4 G n - 1 - ... - 5 A G n ~ l DG 4 ) = 
= TrD(5AG n - 1 G 4 + ... + G n - 1 5AG 4 + G n 5A 3 ) = 

= d Tr(5AG n ~ 1 G 4 + ... + G n ~ 1 5AG 4 + G n 5A 3 ). (3.6) 

Following |6J, we introduce a one-parameter family of potentials and strengths through 
the parameter t (0 < t < 1): 

A t = tA, G t = tG + (t 2 -t)A 2 , A 3t = tA 3 , G 4t = tG 4 + (t 2 - t){A, A 3 }, (3.7) 

so that the equation (13.61) can be rewritten as 

5Tr(G? G u ) = d Tr(5A t G™~ 1 G 4t + ... + G'r l 5A t G 4t + G^5A 3t ). 

With 5 = 5t(d/dt) and 5A t = A5t, 5A 3t = A 3 5t we shall get by integration the desired 
result: 

Tr(G n G 4 ) = d V>2n +3 , (3.8) 



where the corresponding secondary (2n + 3)-form is 

^ 2n+3 (A, A 3 ) = f dt TriAG^Gu + ... + G n t ~ x AG At + G n t A 3 ). (3.9) 
Jo 

The expression (13. 9p can easily be evaluated for n=l in five dimensions: 



if, 



5 



f dtTr(AG u + G t A 3 ) = Tr{GA 3 ) (3.10) 



In seven dimensions, n = 2, we have 



-l 

^ 7 = / dtTr{AG t G At + G t AG At + G 2 t A 3 ), 



o 



and after integration over t we get a secondary 7-form: 

^(i,G,G 4 ) = -^Tr{AGG i + AG A G + A 3 G 2 - ^A 3 G i 

- ±(A 2 A 3 + AA 3 A + A 3 A 2 )G + ±A A A 3 ). (3.11) 

The new property of the last functional compared with ip 5 is that when the field-strength 
tensors tend to zero, G = G 4 = 0, the above form does not vanish and is equal to 

\Tr{A'A 3 ). (3.12) 
o 

The subsequent forms ip2n+3 are in V = 2n + 3 = 5, 7, 9, 11, . . . dimensions. 

4 Invariant Forms in Eight and Ten Dimensions 

In this section we focus on a series of invariant forms that can be constructed in 2n + 2 
dimensions. 

We start with a special invariant form that can be constructed in eight dimensions 

n 8 = Tr(GG & + G i G i ) } (4.1) 
where the 6-form strength tensor (12. lip is 

G 6 = dA 5 + {A, A 5 } + 2A 2 3} DG 6 + 2[A 3 , G 4 ] + [A 5 , G] = (4.2) 
and their gauge transformations ( 1A.1I) are 



6G, = [G 6 , £} + 2[G 4 , Ca] + [G, CJ, 5G 4 = [G 4 , £] + [G, C 2 ]- (4.3) 

Using the above formulas one can get convince that the 8-form Q 8 is gauge invariant and 
is exact dfl = 0. Thus we have 

n 8 = d X7 , X 7 = Tr(GA 5 + G i A 3 ). (4.4) 



The next invariant form of a similar structure can be constructed in ten dimensions 

fiio = Tr(GG 8 + 3G 4 G 6 ), (4.5) 

where the 8-form strength tensor is 

G 8 = dA 7 + {A, A 7 } + 3{A 3 , A 5 }, DG 8 + 3[A 3 , G 6 ] + 3[A 5 , G 4 ] + [A 7 , G\ = (4.6) 

and the gauge transforms are 

6G 8 = [G 8 , £] + 3[G 6 , Ca] + 3[G 4 , (4 + [G, (4.7) 

It is straightforward to show that the form Q w is gauge invariant and is exact dQ w = 0. 
Thus 

fiio = d X 9, X9 = Tr(GA 7 + 3G 4 A 5 + ^G 6 A 3 ) (4.8) 
The general form of these invariants can be written as 

^2n+2 = Tr(GG 2n + aiG 4 G 2n -2 + a 2 G 6 G 2n ^ + ••••) = dx2n+i (4.9) 

where 

X2n+i = Tr(GA 2n _i + /3iG 4 A 2n _ 3 + (3 2 G 6 A 2n _ 5 + ...) . (4.10) 

and ot.i, Pi are certain numerical coefficients. The forms X2n+i are defined in T> = 2n + 1 = 
5, 7, 9, 11, . . . dimensions. It is also true that Q e = $ 6 , see (I3.8P and (13.101) . 

5 Most General Tensor Gauge Fields 

The tensor gauge fields (12. ip introduced in [201 [22] do have a geometrical interpretation 
if one introduce a unite tangent vector e M and consider the gauge field A^x, e) depending 
on this variable and then define the extended gauge transformation as in [22] 

where the unitary transformation matrix is given by the expression t/(£) = exp{ig£,(x, e)} 
and the gauge parameter £ (x, e) has the following expansion 

oo 1 

^(^ e ) = E 7^a,..a» ^e Al ...e A =. (5.2) 

Using this language one can consider the fields of mixed symmetry (I2.9p introduced in this 
article as the gauge field depending also on antisymmetric wedge product u a = e CT1 A e CT2 
so that Afj,(x,e,cj). It's expansion in u will generate all fields considered in the previous 



chapters, but in addition it will generate tenors fields which have both - vector {A} and 
multi-indices {a} 

y 4/t,Ai,A 2 ,...,<Ti,o-2,...- (5-3) 

These fields are symmetric under any permutations of all these indices and antisymmetric 
under permutations within each multi-index. Because in four dimensions one can con- 
struct even higher rank independent wedge products of the vector e M , such as e ai Ae°" 2 Ae°" 3 
and e ai A e°" 2 A e°" 3 A e°" 4 , one can consider tensor fields depending on these antisymmetric 
variables. If one use the multi-index variable a to denote double a = (a, a"), triple 
(a , a" , a'") and quadric (V , a" , a'" , a"") multi-indices then the tensor gauge fields will be 
of the same form as in (I5.3p . but with double, triple and quadric multi-indices. It is not 
difficult to find out their gauge transformations and corresponding field strength tensors. 

6 Conclusions 

Introducing natural generalization of the tensor gauge fields considered in [2Ql I2H 122] we 
are able to construct even larger class of gauge invariant densities which are analogous 
to the Pontryagin-Chern- Simons densities V2 n in YM gauge theory. Indeed the very fact 
that the tensor gauge fields introduced in [2"01 |2~TI [22] are symmetric over their last indices 
(see equation (12.11) ) prevents the construction of the invariant forms involving higher 
rank tensor gauge fields, that is the fields of the rank higher than two - A 2 . 

In this article we demonstrated that a class of the non-Abelian tensor gauge fields (12.1 p 
can be extended to include fields of mixed symmetries and therefore allows to construct 
the new invariant forms in T> = 2n + 4 and T> = In + 2 dimensions. These new forms 
$2n+4 = dip2n+z an d ^2n+2 = d\2n+i are analogous to the Pontryagin-Chern- Simons 
densities Vm = du2 n -\ in YM gauge theory and to the corresponding series of densities 
T2n+3 = da2n+2 and A 6n = G?7r 6ri _i found in [19], yielding the potential anomalies in gauge 
field theory. The above general considerations should be supplemented by an explicit 
calculation of loop diagrams involving chiral fermions. The argument in favor of the 
existence of these potential anomalies is based on the fact that they fulfill Wess-Zumino 
consistency conditions. At the same time, these invariant densities constructed on the 
space-time manifold have their own independent value since they suggest the existence of 
new invariants characterizing topological properties of a manifold. 

This work was partly supported by the General Secretariat for Research and Tech- 
nology of Greece and from the European Regional Development Fund (NSRF 2007-13 
ACTION,KRIPIS) 



A Field Strengths Transformations 



The gauge transformations 5^ of non-Abelian tensor gauge fields were defined in [20l[2T| [22] 
as (12.21) . The generalized field-strength tensors (12.1 ip transform homogeneously under 
these gauge transformations Sf 

8G% = -igprft, (A.l) 
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